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General Instructions Total Marks - 120 Marks
e Reading time — 5 minutes. e Attempt questions 1 — 8
e  Working time — 180 minutes. e All questions are of equal value.

e  Write using black or blue pen.
Pencil may be used for diagrams. Examiners:  External Examiner
e Board approved calculators may be used.
e All necessary working should be shown in
every question if full marks are to be awarded.
e Marks may NOT be awarded for messy or
badly arranged work.
e  Start each NEW question in a separate answer
booklet.

This is an assessment task only and does not necessarily reflect the content or
format of the Higher School Certificate.



Total marks — 120
Attempt Questions 1 -8
All questions are of equal value

Answer each section in a SEPARATE writing booklet. Extra writing booklets are available.

Question 1 (15 Marks) Use a SEPARATE writing booklet.

@) Using the standard table of integrals, find J

_ &
vax® +1
(b) Find k, where Kk is a rational number and satisfies

¢ x=2
f ————dx=kIn3.
12x —8x+3

2
(©) Use the substitution # =2x—1 to find f *
2x—1

2x° B C
d i Express ——— — intheform 4+ —+ —,
@0 Epress 6 (x-3) x5 13

where A, B and C are real constants.
2
(i) Hence, find de
(x+ 5)(x—3)

(e)  Using integration by parts, find jxsin(2x—1) dx.



Question 2 (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©)

A complex number is defined by z= x+ 2i, where x is real.
Q) Express the following in the form g+ ih, where a and b are real numbers.

(1) z*.
2 Z+2z.

(i) Show that there is exactly one value of x for which z* + 2z is real.

The complex number 2 4 3 is a root of the quadratic equation

X +bx+c=0
where b and ¢ are real numbers.

() Write down the other root of this equation.

(i) Find the values of b and c.

M A circle, C, in the Argand diagram has equation | z+5-i |: \/f

Write down its radius and the complex number representing its centre.

(i) A ray, R, in the Argand diagram has equation a;rg(z+2i)= 3;[
Show that z =—4 +2i lieson R.

(iii) (1)  Showthat z, =—4+2i also lies on C.

2 Hence show that R is a tangent to C.
3) Sketch R and C on one Argand diagram.

(iv)  The complex number £, lies on C and is such that arg(22 +2i) has as great

a value as possible.
Indicate the position of z, on your sketch.



Question 3 (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

The shaded region shown in the diagram below is bounded by y =

and x = 1. This region is rotated about the line x =1.

v
. x=1
F 3

I
d»

| 1

W —-

2

=*
Y=

() Show that the volume of the resulting solid of revolution using the

2 2
method of cylindrical shells V=27rj (x—l){l—%} dx.
X

1

(i) Find the volume of the solid of revolution.

The roots of the cubic equation z* —2z* + pz+10=0are ¢, fand .

Itis given that a* + B* +y* =—4.

(i)  Write down the value of g+ B+¥

(i) (1) Explainwhy &’ —2a”+ pa+10=0
(2)  Hence show that a@* + 8 +y* = p+13

(iii)  Deduce that p=-3.

(iv)  Solve 22 -2z -3z+10=0
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Question 4 (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

The function f is a discontinuous function.
The diagram below shows the graph of y = f(x).

(2, 1)

0 (1,0)

(-1,-1)
y=f(x) /

Without using calculus, sketch the following graphs on the ANSWER sheet
provided, clearly showing any asymptotes, intercepts and stationary points
where necessary.

Make sure you attach this sheet to your writing booklet for Question 4,

. 1
0 y= 7G-1)
i)  y=[r7T
(i) y=xf(x)

(iv)  y=sin" f(x)

A curve is defined by the equation x* + xy=¢’.
Find the gradient at the point (-1, 0) on this curve.

Question 4 continues on page 7



Question 4 (continued)

(©) The surface of a backyard swimming pool is 10 metres long and 4 metres wide.

a J
71
71
/7 1
J 1144m
/o 1.6 m
~ o / 1
7~~IL~~—
/ /B T = Ao
— WA
L: / G

[
co
3

2m

—

C

Cross-sections parallel to the end face ADIH are all trapezia with one edge
being ()-8 times the edge corresponding to it on the opposite face.

The four side faces are all vertical.

The depth at A is 1 metre.

At B, which is halfway along the deep edge of the pool the depth

is 1-8 metres and at C the depth is 2 metres.

Take the positive x-axis and positive y-axis as edges GH and GC respectively,

i.e. A corresponds to the point (10, 1), B to the point (5, 1-8) and C to the point (0, 2).

(i) Show that the equation of the parabolic edge ABC is y=2+0.02x—0-012x*>. 3

(i) By summing volumes of slices parallel to the face ADIH find the 2
capacity of the pool in litres if it is to be filled to within 10 cm of its top.

End of Question 4



Question 5 (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

(b)

1
(i) If I":J x"e* dbx, show that 21, +(n-1)I _, =e, for p>2.

4]

(i) Evaluate 7,.

A particle, P, of mass m kg is dropped from point A and falls towards point B,
which is directly underneath A.

At the instant when P is dropped, a second particle, Q, also of mass m kg,

is projected upwards from B towards A with an initial velocity equal to twice
the terminal velocity of P.

Each particle experiences a resistance of magnitude mkv as it moves,

where v m/s is the velocity and k is a constant.

(i) Show that the terminal velocity of P is %

where g is acceleration due to gravity.

(i) For particle Q, show that t = iIn( 39 J
k (g+kv

where v m/s is the velocity after t seconds.

(iii)  Suppose the particles collide at the instant when P has reached 30%
of its terminal velocity.
Find the velocity of Q when they collide.
Leave your answer in terms of g and k.

() Mathsland only has an alphabet consisting of the letters X, Y and Z.
A word is to be spelt using p Xs, g Ys and r Zs, where p, g and r are
integersand q< p+r+1.

Show that there are **'C  x p+r+lCq ways that a word can be spelt using
all the letters, so that no two Ys are adjacent.

(ili)  How many permutations are there of the letters of the name
BEBE LE BELLE

taken all at a time, subject to the restriction that no two Bs are adjacent?



Question 6 (15 marks) Use a SEPARATE writing booklet.

(@)

(b)

(©

Let w=cos@+isinf

(i)

(i)

(iii)

(ii)

Show that (24 —w)(z4 — l] =z"—27'cosO+1.
w

Hence solve the equation z® —z*+1=0,
leaving your answers in modulus —argument form.

Indicate these roots on an Argand diagram.

If y=In(cos@+ising), show that :—}é:i.

Hence deduce that cos@+isin@ =¢" .

In the diagram below, P, Q and R are the midpoints of the sides BC, CA and AB
respectively of an acute angled triangle ABC.

The circle drawn through the points P, Q and R meets the sides BC, CA and AB
again at X, Y and Z respectively.

(i)

(i)
(iii)
(iv)

O

B X ————Fp
Explain why RPCQ is a parallelogram.
Show that AXQC is isosceles.

Show that AX | BC.

The lines AX, BY and CZ meet the circle again at K, J and L respectively.
Show that PK, QJ and RL are concurrent.



Question 7 (15 marks) Use a SEPARATE writing booklet.

A dragster racing car accelerates uniformly over a straight line course and completes a ‘standing’
(that is, starting from rest) 400 metres in eight seconds.

2
@ () Starting with (;x =k, where x is in metres, t in seconds and k a constant, 3

2 =

find the acceleration (in m/s®) of the dragster over the 400 metres.

(i) Show that the dragster reaches a speed of 100 m/s at the end of 2
the 400 metre course.

At the 400 metre mark, the dragster stops accelerating.
At this instant, the dragster’s brakes are applied and, in addition, a small parachute opens at the rear
to slow the car down.

The retarding force applied by the brakes (including friction) is 5000 N.

The retarding force due to the parachute is 0-5v> N where v is the velocity of the car x metres
beyond the 400 metre mark.
The mass of the dragster (car and driver) is 400 kg.

(b) (i) Show that the equation of motion for the dragster during this stage 3
IS given by
dc _ 800v
dv 10" +v*
(i) Hence show, to the nearest metre, that the distance the dragster takes to 3

stop from the instant the brakes are applied is 277 m.

(©) Show that it takes 2z seconds to bring the dragster to rest from the 400 metre mark. 4

—-10 -



Question 8 (15 marks) Use a SEPARATE writing booklet.

@) () Use de Moivre’s theorem, or otherwise, to show that

[You may use the expansion (a+5)" =a" +4a’b+6a’h* + 4ab’ +b']
(i)  Given that @=tan (1), show that 4a = tan'(42).
(iti)  Write 161+ 240i in the form r(cos9+isin9), expressing & in terms of .

(iv)  Hence find, in the form g+ ib where a and b are integers,
the four fourth roots of 161+ 240i.

1
1+x*

(b)  Let f(x)=

(i) (1) Provethat f(x)isa decreasing function for all x > 0.

1
1+x

(2)  Hence or otherwise prove that if 0 <x <1 then % < ~ <1

(i)  Find the sixth-degree polynomial P(x) and the constant A such that

x4(l—x)4 = (l+x2)P(x)+A.

xH1-x)' 22

(iii))  Hence show that j ——UX=—-r.
o 1+X 7
(iv)  Use (i) to deduce that 2_ 1 <E< 22_ L
7 630 7 1260
End of paper

-11-



STANDARD INTEGRALS

x" dx = X" on#-1; x#0,ifn<0

1 .
cosaxdx =Esmax, az0
) 1
sinaxdx =—Ecosax, a#0
) 1
sec“ax dx =Etanax, az0

1
secax tanaxdx =Esecax, az0

.1 X
dx :smlg, a>0, —a<x<a

dx =1n(x+\/x2—a2), x>a>0

1
Va? - x?
1

/42 — 42

1
—dx =1n(x+\/x2+a2)
Vx? +d?

NOTE: Inx=log,x, x>0

-12 -



SBHS 2011 Trial HSC Extension 2 Mathematics Exam Answer Sheet for Question 4 (a)

STUDENT NUMBER

(i)

(1,0)

(i)

(2, 1)

(1, 0)

Parts (iii) and (iv) are on the back

—-13 -



SBHS 2011 Trial HSC Extension 2 Mathematics Exam Answer Sheet for Question 4 (a)

STUDENT NUMBER

(iii)

(1,0)

(iv)

(2, 1)

(1, 0)

Now place these sheets INSIDE your booklet for Question 4

— 14—
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2011 Extension 2 Mathematics Task :
Solutions— Question 3

1
3. {a) The shaded region shown in the diagram below is bounded by y = =, y = 5
x

and z = 1. This region is rotated about the line x = 1.

C

0

(i) Show that the volume of the resulting solid of revolution using the method

2
of cylindrical shells is V = 3= ] (x —1) (
1

S)dz

2n{z —1) 5z

Solution:

9]
6V = 2m(z — 1)( At the intersecgion:
1 T
- dz—-0 .1"3% = 8,
2
= 27r/ (x—1) ( =2
1
(it} Find the volume of the solid of revolution.
2 3
Solution: V = 27?] (1—————+ 8>d
1
= 27 [a:———lnz—l—%}
=2r{2—-1-ln2+1- —35—0+24)}

= (ZE—) — 21n2)
48




(b) The roots of the cubic equation z* — 22% + pz + 10 = 0 are o, 2 and .
It is given that o + 3% + 9% = 4.
(i) Write down the value of o + 3 + 7.

Solution: a+48+v=2.

(ii) (a) Explain why o® — 2a* + por + 10 = 0.

Solution: As o is atoot of P(2) = 2% — 222 + pz + 10 = 0,
then Pla) = o — 20* + pa+ 10 = 0.

{#) Hence show that o? + 5% + % = p + 13.

Solution: a® — 20 + po + 10 = 0,
B —28% +pB+10= 0,

Y —29* +py+10 = 0,

Ay 20+ 52+ +pla+ +9)+30 =0,
-4 —2(a?+ 5%+~ +2p+30 = 0,

>+ 52+ = p+13.

(ili) Deduce that p = —3.

(now af + v+ va = p)
a® + 4% +4* = 2* - 2p,
p+13 = 4 — 2p (from part (ii)),
Jp = —9,
p= —3.

Solution: (a+ B8+ = a®+ 5%+ +2(af + By + va),

(iv) Solve 2% — 222 + pz +10=0.

P(2)= 8—-8—6+10# 0,
P(-2)= ~8~8+6+10=0.
1 -2 =3 10
-2 -9 8 —10
1 ~4 5 0
22 —dz+44+1= 0,

(Z_Q)zm —11
z— 2= 4i,
z= 241.

The roots are —2, 241, 2 — 4,

Solution: P(z) = 2* —22% 4+ pz+ 10, possible zeroes & 1, +2, £5.
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8.

2011 Extension 2 Mathematics Task :
Solutions— Question 8

(a) (i) Using de Moivre’s theorem or otherwise, show that

4tanf —dtan®d

tan 48 = .
an 1 —Gtan?0 + tan' @

[You may use the expansion (a + b)* = o + 4a%b + 6a’b* + 4ab® + b4 ]

Solution:
cis40 = (cosf + isin 6)*,
= cos? @ - 4 cos® Bisin  — 6 cos? #sin® O — 4cos Hisin® # + sin* 4,
cos4f = 4cos*f — 6 cos? Osin”® 0 + sin* 4, (equating real parts)
sindf = 4cos®fsinf — 4 cosfsin’ §, (equating imaginary parts)
4cos’fsinf — dcosfsin®f  cos'f
4cos*f — 6cos? @sin® A +sin?fd * costf’
4tanf — 4 tan3 @
~ 1—6tan®d + tan?@’

Alternative Solution: tan4df =

cotandd =

2tan 26
1 — {tan 26)%’
2tand
2 X
1 —tan®f
2tanf
1 —tan?4
4tan6(1 — tan?6)
1~2tan?@+ tan?8 — 4tan? 8’
4tanf — 4 tan® 0
1 —6tan®0 + tant @’

29

1

(i} Given that o = tan™" (

), show that 4a = tan™! (220).

1
1 161

ST

Solution: tancg =
1
4xi—4x el
1—6%x &+ &
256 — 16
256 — 96+ 1°
240

161°

tanda =




(b) Let f(z) =

(iii) Write 161 + 240: in the form r(cos# + i sin ), expressing € in terms of a.

Solution: ro= /1612 + 2402,
= /83521,
= 289.
161 2404
161 + 2407 2 —_—
2400 = 289 (289 * 289)’
cosf = 161 sin @ = @
T T T
240
0= -
tan 161 i.e.tando.
So 161 + 2407 = 289%(cos4a + ¢sin 4a).

(iv) Hence find in the form a + ib, where a and b are integers, the four fourth
roots of 161 + 240:.

Solution: 161 + 240i = 289(cos(4a + 2n7) + isin(da + 2n7)), n € J,
{from part(iii))
(a+ i) = (V17)*(cos(a + nZ) -+ isin(a + nk ))4,
a+ib= v17(cos(a + n%) +isin(a +nf ))

5 = /17 (—mm-—|—z ! ) the principal value
: V17 s ) - (the principel value)
= 4.—+-'Z,

", The four roots are £(4 +7), =(1 — 44).

4

1
1+ 22
(i) (a) Prove that f(z) is a decreasing function for all z > 0.

—2z
(1+2%)>
< 0 forall z > 0.
. f{z) is a decreasing function when z > 0.

Solution: f(z) =

< 1.

1 1
H therwi that, if 0 < z < 1, then - <
(3) Hence or otherwise prove that, i z<lthen o <=0

Solution: When z = 0, (z)
r=1  flz)=
o<z <1, then~<f(33) < 1.

W




(ii) Find the sixth-degree polynomial P{x) and the constant A such that

(1 —z)' = (1 + 2*) P(z) + A.

Solution: 28 — 4x% + 524 — 422 4- 4
2 +1) 2% —4z" +62° —dz® + 2
g b
—dz" + 51° — 42°
47 + 4z°
58 + zt
— 5z8 — 5z*
— 4z*
4zt + 42°
412
—4z? —4
—4

S P(z) = z8 — 42% 4 5z — 42 4 4,
A= —4.
Alternative Solution:
(1 — )t = 2% — 427 + 6% — 425 + 14,
= (2 + 1){azb + 2% + cx? + dxd + ex® + fr +g) + A,

+{e+9)® + fz+ (g + A).

Equating coeflicients, a = 1, b= —4,
a+c= 6, c= 23,
b+d= —4, d= 0,
ct+e= 1, e = —4,
d+f =0, f=40q
e+g= 0, g = 4,

g+A=10, A= —4,
o P(z) = 25 — 42° + B — 42* + 4,
A= —4.

= az® +bz" + (e + )z + (b+ d)z® + (c+ )zt + (d + f)zB




V(1 — )t 22

i) H how that dr = — — 7.
(iii) Hence show tha ./0 i e =
Sol}ltii?n: )4 )
zH(l -z 6 . 1 9 4
A'_Tiﬁwdmz‘é G:—4f+ﬂm-—m:+4—l+$2 dz,
' 4zb 5z 4z8 1
S 2% 44z —4tan?
= 5 + 5 3 + 4x an :cL,
1 2 4 T
= —fi1-Z4a-4l@~ax0
7 Tgtlog ity - (0-1x0),
22
= 7 - .
(iv) Use (i) to deduce that 27—2 — % <7< 2—72 — ———-12160.

Solution: Noticing that z*(1 — z)? > 0 for all z, we have from (i):

z(1l — )1
%:764(1 — .?.7)4 < W < 564(1 — 56)4,

1 1:1:4 1_$4 1 -
so%/g (1 —xz)dz < ‘/O%dm < /0554(1—~:c)4d3:.

1 1
Now f (1 — z)dr = / (z* — 42° + 62° — 427 + 2%)dxr,
0 0
1

_ 75 4xb N 6x7  4z8 . 9
15 6 7 8 9,
!
630
12 1
1260 7 630°
i 22 1 22
- = - < ==,
1260 7 630 7
22 1 22 1
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